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A re la t ion  is der ived  for  the f i r s t  c r i t ica l  t he rma l  flux as a function of the contact  angle when 
a l a rge  volume of liquid boils at a flat  hea te r  sur face .  Theore t ica l  resu l t s  a re  compared  
with exper imenta l  ones.  

A hydrodynamic  theory  has been developed in [1-7] concerning the cr i t ica l  s tages  of boiling in a l a rge  
volume.  The hypothesis  about the hydrodynamic c h a r a c t e r  of the cr i t ica l  s tages  was f i r s t  s tated by S. S. 
Kutateladze in [1], where  the p rocess ing  of exper imenta l  data by the methods of s imi l a r i ty  theory  yielded 
the following relat ion:  

qcr.(Pli~ 0.17( p~ )o.4s 
Lp~ \ g ~ /  ~ p~ ] 

The hydrodynamic  theory ,  which involves the theory  of hydrodynamic s tabi l i ty  during the cr i t ica l  
s t ages  in boiling, has been fu r the r  genera l ized  in [2-4] and, as a resul t ,  the following express ion  was ob- 
ta ined for  qcr:  

qcr (1) 
- ~ p 025 = ~ = c o n s t .  

I t  has been shown in [2] that  r is a function of p r e s s u r e  and va r i e s  f rom 0.13 to 0.2. Much work  has 
been done to obtain a more  accura t e  value for  the constant ~ and to de te rmine  how it depends on the physical  
p r o p e r t i e s  of the liquid as  well  as on the modal p a r a m e t e r s  of the boiling p rocess ;  in some a r t i c l e s  the 
express ion  for  qcr  is der ived analyt ical ly  in a fo rm approaching that of express ion  (1) [5-13]. On the bas is  
of express ion  (1) and using the theory  of the rmodynamic  s imi la r i ty ,  V. M. Borishanski i  has obtained a 
re la t ion for  q~ as a function of p r e s s u r e  [2, 5]. A var ian t  of express ion  (1), containing instead of r a quantity 
sl ightly varying with v iscos i ty ,  was obtained in [6]. The f i r s t  c r i t ica l  boiling s tage is seen he re  as r e su l t -  
ing f rom a dis turbed hydrodynamic  equi l ibr ium of the liquid jets  surrounded by vapor  s t r e a m s .  

F o r  the f i r s t  t ime  qcr  was de te rmined  analyt ical ly  in [2, 7] and it was de te rmined  there  accura te ly ,  
except  for  a constant  based  on exper imenta l  data.  According to the p rocedure  proposed in [6, 7], N. Zuber  
has es tab l i shed  qcr  for the case  of potential  flow [8]. Ar t i c les  [9, 10] fu r ther  develop the ideas of a r t i c le  
[8]. 

The dependence of the cr i t ica l  t he rma l  flux on the v i scos i ty  of the liquid has been der ived in [11, 12, 
13] with the assumpt ion  that  the d i a m e t e r s  of the liquid jets  a r e  propor t ional  to the bubble d i ame te r  before  
separa t ion  as well  as to the ra t io  of a r e a s  occupied by the liquid and the vapor  on the hea te r  sur face .  The 
express ion  for  qcr  given in [11, 12, 13] contains th ree  constants  which a re  de te rmined  by test .  Cer ta in  
exPer imenta l  r e su l t s  [14] indicate a r a t h e r  s t rong dependence of the f i r s t  c r i t ica l  t he rma l  flux on the con-  
tac t  angle,  but the re  is no theore t ica l  in terpre ta t ion  for  this to be found in a r t i c l e s  on the cr i t ica l  boiling 
s tages  [1-13]. We will subsequent ly  explain this relat ion between qcr  and contact angle e. The p resen t  
a r t i c l e  is an extension of the work  done in [2, 6-13]. 

We cons ider  the boiling of a liquid at the sur face  of a hea te r  located inside an infinitely la rge  volume 
of this liquid. 
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Fig. 1. Schematic  d i ag ram for  the 
calculat ions:  i) liquid, 2) vapor .  

We a s sume  that  I) the liquid flow and the vapor  flow a re  
potential  flows, 2) the liquid and the vapor  a re  incompress ib le  
media ,  3) the p roce s s  occurs  with continuous vapor  columns.  We 
will solve the given p rob lem s tar t ing  out with a boiling pat tern  
s i m i l a r  to that shown in [2, 6, 7]. At t he rma l  flux densi t ies  nea r  
qcr ,  vapor  columns r i s e  f rom the hea te r  surrounded by descending 
liquid jets .  At a t h e r m a l  flux densi ty  equal  to qcr ,  the vapor  
columns merge  and an unstable vapor  f i lm f o r m s  on the he a t e r  
su r face .  This is brought  about by a loss  of stabil i ty in the two-  
phase  flow. In o r d e r  to de te rmine  qcr ,  it is n e c e s s a r y  to calculate  
the cr i t ica l  d i a m e t e r s  of vapor  columns and of liquid je ts  along 
with the cr i t ica l  veloci t ies  of both the liquid and the vapor .  The 
cr i t ica l  d i ame te r s  will be found considering that  they a r e  d e t e r -  

mined by the instabil i ty of the horizontal  l i q u i d - v a p o r  in ter face  which is fo rmed  when vapor  bubbles merge  
at  the hea t e r  su r face ,  i . e . ,  they a r e  de te rmined  by the Tay lo r  instabi l i ty  [8, 9, 10]. Le t  us cons ider  the 
s tabi l i ty  of the l i q u i d - v a p o r  in terphase  boundary according to Taylor .  The flat  hea t e r  is a s sumed  to be 
covered with a vapor  f i lm whose thickness  is equal to the b reakaway  d i a m e t e r  of the bubbles and which is 
surrounded by an infinitely l a rge  volume of liquid (Fig. 1). The breakaway d i ame te r  of bubbles will be 
calculated by the Fr i tz  fo rmula  [4]: 

h :  o.o,s0 , , /  ~ 
V (Px - -  P~) g 

I 

Le t  go 1 and ~2 be the veloci ty potent ials  of the per tu rbed  liquid and vapor  flows. 
a r e  

02% + 0~-% = O, 0~% + 0~% = O. 
Ox 2 Oy ~ Ox ~ Oy ~ 

(2) 

The equations for  ~1 and ~2 

(3) 

The boundary conditions a re  

0%0y Y=~ = 0, %}u== = O. (4) 

The conditions at  the in terphase  boundary y = h a r e  

p2=pl---~ - ~ ~ ,  
- r  n OX ~ 

(' 0% _g~), (6) 
Pl = Pl ~ Ot 

g 

/ Oqh ) (7) P~ 

o~ _ o ~  = _  a~____~ (s) 
Ot Oy Oy 

We seek  
qh = C exp (cot + i k xdky ) ,  

~2 : exp (cot + ikx) ( A exp (ky) + B exp (--  ky) ). 

Inse r t ing  (9) into (4) and (8), we have 

q~l : A ( 1 - -  exp (2kh)) exp (cot + ikx - -  ky), 

% = 2A exp (~ot + ikx) eh ky, 

2Ak 
- -  exp (cot + ikx) sh kh. 

co 

Having inser ted  (10) into (6) and (7), we find 

(9) 

(:to) 

291A Pl = exp (cot + ikx) sh kh (co~ + gk), 
CO 
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0 ~ I0 20 I 30 f 40 [ 50 60 70 80 

0,294 0,199 0 ,193  0,189 I 0,406 l 0,248 0,224 0,209 

29~A 
P2 ~- 

co 
exp (cot + ikx) [co2 ch kh + gk sh kh]. (11) 

Inser t ing  next (11) and (10) into (5) yields  

Pl sh kh (co2 + gk) - -  P2 (co~ ch kh + gk sh kh) : a__k_k sh kh (h2k ~ -:- 1). 
h ~ 

Using the pr inciple  of s tabi l i ty  change [15] and also express ion  (2), we find k: 

k = l / ( P ~ - - - P ~ ) g  V i  + 0:324 10-~0~ 
v a 0.0180 

(12) 

The wavelength of pe r tu rba t ions  k is de te rmined  by the formula  

~. = 2n/k. 

I t  follows f r o m  he re  that  the l i q u i d - v a p o r  in terphase  boundary tends to expand into square  a r e a  cel ls  with 
the s ides  equal to ~. Let  it be a s s um ed  that at each such e lement  with an a r e a  equal to ~2 there  appea r s  a 
liquid jet  whose d i a m e t e r  is equal to a [9] according  to the fo rmula  

~, ~ (13) a 

2 k 

The dimension thus chosen is somewhat  a r b i t r a r y  but within the c o r r e c t  o rde r  of magnitude. I t  follows 
f rom (13), indeed, that  the a r e a s  ra t io  (A 1 occupied by vapor  and A 2 occupied by liquid) is equal to 4.092. 
F r o m  the law of conserva t ion  of m a t t e r  we have: 

A1 Xo 
A s 1 - - x  o 

I t  has been shown in [16, 17] that  x 0 >_ 0.8; in our  case  the a r e a s  ra t io  co r responds  to an 80.3% volume content 
of vapor  in the wall  l aye r .  Thus,  the magnitude of a liquid jet  d i ame te r  de te rmined  by the formula  in [16] 
a g r e e s  with exper imenta l  data.  The re fo re ,  the cr i t ica l  d i ame te r s  of liquid je ts  descending toward the 
hea t e r  can be calcula ted by the formula :  

O.O18stO l /  a (14) 
a = ]fl 1 + 0,324.10-302 (91 -  90,)g" 

We will now de te rmine  the c r i t i ca l  veloci ty  of the vapor .  A p r ec i s e  determinat ion of this veloci ty  
can be made by consider ing the s tabi l i ty  of the composi te  s y s t e m s  which cons is t s  of vapor  columns (dia- 
m e t e r  d) ascending at a veloci ty  U" and w a t e r  je ts  (effective d i ame te r  a) descending at  a veloci ty  U. With 
the re la t ion  between U, U", d, and a,  which has been der ived by analyzing the s tabi l i ty  of such a sys t em,  
and with the law of continuity as wel l  as with fo rmulas  (12), (13), (14) we can calculate  the magnitude of 
the f i r s t  c r i t i ca l  t he rm a l  flux. Fo r  this purpose ,  as has been done in [6-13], we will solve the following 
s impl i f ied  p rob lem:  le t  a cyl indrical  liquid je t  descend toward the hea te r  while the vapor  inside this jet  
flows at a veloci ty  U". The length of this cyl indr ical  jet  is a s sumed  to be infinite. In o rde r  to find the 
c r i t i ca l  veloci ty  of the vapor ,  we make use of the solution to the p rob lem concerning the s tabi l i ty  of a cy-  

l i n d r i c a l  jet  [18]. The following equation has been obtained in [18] for  the inc rement  of in terphase  boundary 
fluctuation s: 

a~ - a k  (l_k2L~)Ii(kLo) 92k2U "~ Ko(kLo) Ii(kLo) 
91L~ Io (kLo) ~ , (15) 01 K1(kLo) 1o (kLo) 

where  L 0 = 0.5a. 
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Fig. 2. F i r s t  c r i t i ca l  t he rma l  flux 
qcr"  10-3 (W/m2) at f iat  h e a t e r  s u r -  
faces ,  as  a function of the contact  
angle: 1) theore t ica l  re la t ion,  2) 
exper imenta l  re la t ion (dots indicate 
t e s t  points).  

Le t  the wavelength of the in terphase  boundary fluctuations be X. Then, express ion  (13) and (15) togeth-  
e r  with the pr inciple  of s tabi l i ty  change [15] will  yield an express ion  for  the cr i t ica l  vapor  veloci ty  U'~: 

U" = ] / a k d ~  , (16) 
F P2 

where  d 2 ~ 0.77. 

The magnitude of the f i r s t  c r i t ica l  t he rma l  flux [9] becomes  

qcr = --~ Lp2U". (17) 

Inse r t ing  (13), (14), and (16) into (17) gives 
4 

qcr = 0.171 ]/ 1 + 0.324.10-362 (18) 

The following values of the f i r s t  c r i t i ca l  t he rma l  flux r in d imens ion less  units,  as  a function of the contact  
angle 0 have been calculated by fo rmula  (18). 

With the aid of this re la t ion between ~ and 0 we can de te rmine  the f i r s t  c r i t ica l  t he rma l  flux for  w a t e r  
and we will compare  the calculated resu l t s  with the t e s t  r e su l t s  obtained in the exper iment  [14] (Fig. 2). I t  
is evident f rom Fig. 2 that  the r e su l t s  of calculat ions and t e s t s  a r e  in close ag reemen t  for  w a t e r  within the 
p rac t i ca l ly  impor tan t  range  of contact  angles 20 ~ <_ 0 __ 60 ~ One mus t  note that  fo rmula  (18) has cer ta in  
l imi ta t ions .  I t  is obviously not appl icable  to contact  angles c lose  to 0 ~ s ince,  according to it, l!r~ qc r  = ~o. 

This is connected with the fact  that  the Fr i tz  fo rmula  does not apply to the b reakaway d i a m e t e r  of a bubble 
in the case  of smal l  contact angles.  F u r t h e r m o r e ,  the numer ica l  fac tor  0.171 on the r ight-hand side of 
the equali ty is somewhat  too high. Relation (18) and, pa r t i cu la r ly ,  the numer ica l  fac tor  can be de te rmined  
more  accu ra t e ly  with a sufficient  amount of exper imenta l  data on the b reakaway d i a m e t e r  of vapor  bubbles 
and on the c r i t i ca l  t he rma l  flux as  a function of the contact  angle.  
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N O T A T I O N  

a r e  the Car tes ian  coordinates;  
is the th ickness  of vapor  film; 
a r e  the liquid and vapor  p r e s s u r e s ;  
a r e  the liquid and vapor  veloci ty  potentials;  
is the t ime; 
is the excurs ion  f rom the f ree  equi l ibr ium sur face  in the normal  direction; 
is the grav i ty  accelera t ion;  
is the wave number;  
is the frequency; 
a r e  the liquid and vapor  densit ies;  
is the sur face  tension; 
is the contact angle; 
is the wavelength; 
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a 

d 
A t 
A 2 
x0 
L o = a / 2 ;  

U, U" 

qcr 
L 4 

= qer/L~fP24 g{Pi-P2)g. 

is the diameter of liquid jet; 
is the diameter of vapor column; 
is the area occupied by vapor; 
is the area occupied by liquid; 
is the volume content of vapor in the wall layer; 

are the critical velocities of liquid and vapor respectively; 
is the increment of fluctuations; 
is the critical thermal flux; 
is the latent heat of evaporation; 
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